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The relative-motion equations of a spacecraft in the vicinity of a satellite in an orbit that is not highly eccentric
but decays as a result of drag are investigated. Because the initial orbit is not highly eccentric, the equations of
motion of both the satellite and the spacecraft can be approximated by simpler equations. Some transformations
are then applied to the equations of relative motion. If the drag is quadratic in the magnitude of the velocity and
varies inversely with the distance from the center of attraction, the equations simplify further. There are some
interesting consequences if the two objects in orbit have the same drag constant. In these cases, the transformed
equationsof relative motion generalize the Tschauner-Hempel equations and asymptoticallyapproach an extension
of the Clohessy-Wiltshire equations, modified to include the quadratic drag model. If the initial orbit is circular,
the relative-motion equations become the new modified Clohessy-Wiltshire equations. The closed-form solution of
these equations has similar structure to that of the Clohessy- Wiltshire equations. Among the potential applications
of these new equations are fast preliminary studies for terminal rendezvous, station keeping, formation flying, and

constellations of satellites.

Introduction

N a previous work,' we presented equations and solutions rep-

resenting the terminal phase of a rendezvous of a satellite and
spacecraft in the presence of atmospheric drag that is assumed to
be linear in the orbital velocity. Although the assumption of drag
that is linear in the velocity is not realistic, the transformations de-
scribed in that paper simplified the equations of relative motion to
the extent that closed-formsolutions were attainable in some cases.
The present paper extends that approach to a class of problems in
which the drag is quadratic in the magnitude of the orbital velocity.
We shall show that, in spite of the added difficulty, similar trans-
formations also simplify this problem, and in some cases, we again
find closed-form solutions.

Thereis an extensivebody of literature on the search for represen-
tative equations and solutions in the terminal rendezvous problem.
For circularorbits, there are the Clohessy—Wiltshire® equations(also
see Ref. 4). For elliptical orbits, there are the Tschauner-Hempel
equations’ (also see Ref. 6). Similar equations apply to general
Keplerian orbits (see Ref. 7). All of these equations are based on
a Newtonian gravitational force field, but the equations of relative
motion can be approximated by linearized equations because their
separation is very small when compared with their distance from
the center of attraction. These equations have been generalized to
describe rendezvousin a general central force field,? then adjusted
to include drag that is linear in the velocity.!

Models of drag thatis linear in the orbital velocity have been inte-
grated into studies of the two-body problem by several authors >~ 13
Except for very special cases, the literature does not contain ana-
lytical solutions for drag that is quadratic in the magnitude of the
velocity. Recently, the authors have found some success with this
problem, and this present paper is a consequence of that work. !4
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Asin Ref. 14, we consider satellite orbits in which the magnitude
of the radial velocity is much smaller than the magnitude of the
tangential velocity, that is, the orbits would be elliptical of moderate
or low eccentricity without the degradationof drag. For orbits of this
type in which the spacecraft is near the satellite, the equations of
motion can be approximated by simpler equations resulting in a
problem that is amenable to analysis.

In the important special case in which the satellite and spacecraft
have identical drag constants, the resulting transformed equations
reduce to a minor generalization of the Tschauner-Hempel® equa-
tions. If the initial orbit is nearly circular, they reduce to a minor
modification of the Clohessy-Wiltshire® equations. In this case, the
closed-form solution of these new equations has the same struc-
ture as that of the Clohessy—Wiltshire solutions. A comparison of
this solution with the solution of the Clohessy—Wiltshire equations
provides an indication of the effect of drag on the relative motion.
These equations may be useful in preliminary studies of missions
involving terminal rendezvous, station keeping, formation flying, or
constellations of satellites.

Derivation of the Equations

We consider the rendezvous problem between a spacecraft and
a satellite in orbit in a central force field with a quadratic drag
model. Our objectiveis to derive reduced differential equations for
the motion of the spacecraft in the final stages of this maneuver
similar to those that were derived earlier for the rendezvousproblem
with a linear drag model' or without drag.’

Restriction to Orbits That Initially Are Not Highly Eccentric
but Decay Under Drag

First we consideran inertial frame. The equation of motion of the
satellite in orbit is

R=—f(RR—ag(R)IRIR @

In this equation, the first term on the right is gravitational acceler-
ation resulting from a central force field; the second is drag accel-
eration. The position of the satellite from the center of attraction is
denoted by the vector R, its magnitude by R =|R|= (R-R)'/?, its
velocity by R, where the dotindicatesdifferentiationwith respectto
time and [R| = (R - R)"/?. The functions f and g are continuously
differentiable with nonzero derivativesin the domain under consid-
eration. The scalar « is a physical constant associated with the drag
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coefficient and the geometry of the satellite. We shall refer to this
number as the drag constant. The function g represents atmospheric
density and is assumed to depend only on altitude. Dependence on
other variables such as time, latitude, and longitude are not being
considered.

It is known'* that the satellite moves in a plane containing the
center of attraction. The preceding equations of motion, therefore,
can be represented in polar coordinates. The radial componentis R
and the polar angle will be called 8. Let e and e, be unit vectorsin
the radial and transverse dlrectlons respectively. As a result of the
angularmomentum equation,'* we must haved > 0. We observe that

IRl = (R> + R6%)* = RO[1 + (R/R6)*]? @)

The study is restricted to orbits thatinitially are not of high eccen-
tricity but decay under drag. These are orbits in which the magnitude
of the radial velocity is very small compared with the magnitude of
the transverse velocity, that is, |R| & RO. For this reason @ is not
zero, and we can linearize the binomial expressionin the right side
of Eq. (2) so that Eq. (1) becomes

R=—f(R)R—ag(R)ROR 3)

This equation of motion of the satellite can be written in terms of
the transverse and radial components, respectively, as

R 4+ 2R6 = —ag(R)R*6? “
R — RO*>=—f(R)R — ag(R)RRS 5)

For completeness, we briefly repeat some recent work'* to obtain
the orbit equation of the satellite.

Multiplying Eq. (4) by R, we recognize the product rule on the
left side, then dividing by R?6, we obtain

d(R%0)
R

—ag(R)R A0 (6)

Integrating this expressionreveals
R*0 = hJ(6) )

where £ is a constant of integration and
J(©6) =exp{—/0¢g[R(9)]R(9)d9} ®)

A well-knownchangeof variable!® from 7 to @ can be incorporated
through Eq. (7). With this substitution, Eq. (5) can be expressed in
terms of #. Using a prime to denote differentiation with respect to
0, after some algebra we obtain the orbit equation,

R'/R —2(R'/R)*+ f(R)R*/R*J(6)* = 1 )

Similarly the motion of a spacecraftnear the satellite is governed

by

R+r=—f(R+r)(R+r)—Bg(IR+rDIR+r|(R+r) (10)
where r is the vector representing the position of the spacecraft
relative to the satellite and § is the drag constant associated with the
spacecraft.

The spacecraft also moves in a plane containing the center
of attraction. In this plane, we can also introduce polar coor-
dinates for the vector R +r. The radial component is |R 4+r| =
[(R+r) - (R+r)]"/?, and the polar angle we call ¢. The equation of
the spacecraft thatis analogous to Eq. (3) is

R+i=—f(R+r)R+r)—Bg(R+rDIR+rlpR+7) (11)

Simplifying Assumptions and Transformation to a Rotating Frame
The results that we shall obtain are based on the following sim-
plifying assumptions:

1) The functions f and g are continuously differentiable with
df/dR #0 and dg/dR # 0 on a closed domain of R that does not
contain zero.

2) The spacecraftis in the vicinity of the satellite, thatis, » < R.
This means that higher than first-order terms in 7 /R are negligible.

3) During the terminal phase of a rendezvous, |F| < |R]. A result
of this and the preceding assumption is that ¢ approaches @ so that
their difference can be neglected.

4) As already indicated, |R| < R6. This signifies that higher than
first-order terms in |R/Ré| are negligible.

From the first assumption we can write

FAR+r) = FlIR+1 - R+11*} = F(R)

where lim, _,  O(x)/x =0.

Substituting these expressions and Eq. (3) in Eq. (11), neglecting
higherthan first-orderterms in /R in view of assumption2, and ne-
glecting the difference between ¢ and 6 according to assumption 3,
we obtain

F=—fRr— f(RIR -r/RIR—
— Bg(R)ROF — Bg(R)[(R - r)/RIRO — Bg'(R)R -r)RI  (14)

Here andin the following, primesover f and g denotedifferentiation
with respect to R. In a coordinate system rotating with the radius
vector of the satellite, Eq. (14) becomes

FH2OXF+Qx QX+ Qxr)=—f(R)r
— f'(R)[(R -r)/RIR — (B — )g(R)RO (R + Q2 x R)
— Bg(R) RO+ Q x r] — [Bg(R)/R + Bg'(R)]
x (R -r)[R+Q x RI§ (15)

(B —a)g(R)ROR

where Q refers to the angular velocity of the rotating coordinatesys-
tem and the dots over vectors indicate time derivatives with respect
to this rotating coordinate system.

We now choose an orthonormal coordinate system attached to
the satellite so that the x axis is transverse and opposed to the mo-
tion of the satellite, the y axis is in the direction of R, and the z
axis completes a right-handed system. In this frame, r = (x, y, z),
R=R(0,1,0), and Q = (0, 0, ), where w=6. In this setting,
Eq. (15) becomes

i+ Bg(R)Rwx = (0° — f(R)X + 2wy + (& + 28g(R)Rw*

+ B8 (RR*w)y + (B — a)g(R)R*w’ (16)
¥+ Be(R)Rwy = (o — f(R) — f'(R)R — Bg(R)Rw

— Bg (R)RRw)y — (Bg(R)Rw’ + @)x — 2w

— (B — a)g(R)RRw (17)
4+ Bg(R)Rwz = — f(R)z (18)

Changing variables from 7 to 6 in these equations, we obtain
0*x" + ww'x’ + Bg(R)Rw*x' = [0® — f(R)|x + 20’y

+ [ww +2Bg(R)Rw* + Bg' (R)R*w*]y + (B — a)g(R)R* &’
(19)

@?y" + ww'y + Bg(R)Rwy
=[w’ = f(R) = f'(R)R — Bg(R)&’ R’ — Bg'(R)R'Rw’]y
—[Bg(R)Rw* + ww'1x —2w*x' — (B —a)g(R)RR'w*  (20)

0?2 4+ o'z + Bg(R)Rw*z = —f(R)z (21)
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where primes on f and g denote differentiation with respect to the
argument R; elsewhere thereis no argumentspecified explicitly,and
the primes represent differentiation with respect to 6.

Transformations That Simplify the Equations

We seek a transformation that will simplify Eqs. (19-21). The
form of these equations suggests that it may be advantageous to
multiply by an exponential. We change to new variablesx, y, and z
by the transformation

(x,y,2) = E(0)(X.Y,2) (22)

where
E®©) =w%exp|:—%/ag(R)Rd0:| (23)

We then divide by w?E (9). After dropping the bars for brevity of
notation, we obtain

" =[A@0, 0, 0, @") = 11x + 2y + Rlag(R) + Bg'(R)R]y
+ (B~ a)g(R)[2Ry — (Rx) + R*/E(6)] (24)
V' =[A6, 0, o, ") — 1]y —2x'
—[f'(R)R/o® + ag(R)R'+ Bg'(R)RR']y
—(B—)g(RI(RY) + R'y + Rx + RR'/E(6)] (25)
7= —A, 0,0, 0")z = (R2) (B — a)g(R) (26)
where
AB, 0,0, 0") = —1(@"/0) + (' [0) + f(R) /o

—ag(R)Rw' Jw — 2a?g(R)*R* — tag(R)R' — tag/(R)RR’
27

These equations are still cumbersome, but we can substitute
w="hJ(®)/R* from Eq. (7) into the right-hand side of Eq. (27),
so that A(f, w, o', ®") becomes the left-hand side of Eq. (9). It
follows then that A6, w, ', ®”) = 1. Equations (24-26) reduce,
therefore, to the simpler form

x" =2y + Rlag(R) + Bg'(R)R]y

+ (8 — @)g(R)[2Ry — (Rx)' + R*/E(6)] (28)
y'==2x' = [f'(R)R/w* + ag(R)R' + Bg'(R)RR'Ty

— (B — a)g(R)[(RY) + R'y + Rx + RR'/E(6)] (29)
Z'=—z— (R2) (B — a)g(R) (30)

Simplifications and Solutions for Certain Cases

We now consider the case of a Newtonian gravitational field,
f(R)=pu/R3 and an inverse law, g(R) = 1/R, to model the vari-
ation in atmospheric density. The acceleration that results from
drag is, therefore, —(a/R)|R|R. We shall provide some comments
on this model after presenting the equations of relative motion and
the orbit equation that result from it.

Equations of Relative Motion and Solution of the Orbit Equation
When this drag law is applied, Eq. (8) simplifies to

J(@) =e* (31)
and the angular momentum Eq. (7) yields
w=hR e 32)
These expressions can be substituted into Eq. (23) to obtain

E@)=h*R e~ (33)

Using the Newtonian gravitational field and the preceding expres-
sions, Eqs. (28-30) take the form

X =2y + (B -y —x — (R/R)x + h T R**’] (34)
y' = —2x"+3uh?Re*%y

—(B—a)[x+y + (R/R)y+hTRR ] (35)
= —z—(B—a)Z + (R/R)z] (36)

For this case, a closed-form solution has recently been found for
the orbit equation (9). We briefly outline this solution from Ref. 14.
Observe that, if « = 8 =0, Eqgs. (34-36) reduce to the Tschauner—
Hempel® equations (see also Refs. 6 and 7).

When Eq. (31) is substituted into Eq. (9), the orbit equation
becomes

R"/R —2(R'/R)® + (u/h*)Re*® = 1 37

Performing the change of variable R = 1 /u, this equation simpli-
fies to

u" +u = (u/h?e*? (38)

The general solution of this simple differential equation is easily
obtained in terms of two arbitrary constants € and 6,. Expressing
this solution in terms of the variable R, we obtain the following
expressionfor the degradationof an orbit that was initially elliptical
and not highly eccentric:

R 44 /u
T 28 4 ¢ cos( — )

(39)

The expression ee~>*¢ may be visualized as an instantaneous ec-

centricity, that is, the eccentricity of the fictitiouselliptical orbit that
would result if the drag could be instantly removed. The function
R and its derivative can be substituted into Eqs. (34-36) yielding a
set of differential equations that describe the motion of the termi-
nal phase of the rendezvous in the presence of drag. Although the
coefficients are elaborate, this set of differential equations is linear
because R and R’ are functions of 6.

Comments on the Model

The reason for the drag model presented is the relatively simple
closed-formsolutionsthat can be obtained from it as presented here.
These are especially interesting in view of the void in the literature
of closed-form solutions for drag models that vary with the square
of the magnitude of the velocity.

A better approximation would have the atmospheric density de-
creaseexponentiallywith R. Better yet would be a curve fit based on
standard atmospheric data. Unfortunately,the more realistic models
have not yet resulted in closed-form solutions.

The difficulties in the model presented herein are not as restrictive
as might appear at the onset. Inaccuracies caused by a poor repre-
sentation of the atmospheric density increase with the range of R.
One can compensate for this error by dividing this range into sev-
eral smaller subintervals and reinitializing the drag constant« with
each subinterval. In fact, the drag coefficient should not be consid-
ered constantover a wide range anyway, and so the partitioninginto
subintervalsis needed also for the assumption that « is constant.

The model should be highly accuratefor circularand near-circular
orbits that are very high, so that the number « is nearly zero. The
deteriorationin altitude will be correspondingly small, as observed
from Eq. (39) when « is near zero and € is not large. Large values
of « or € are not compatible with assumption 4 of the preceding
section. Future numerical studies to determine the range of initial
altitudes, the values of €, and the optimum size of the subintervals
for the level of accuracy needed would be highly beneficial and are
recommended.

Simplification for an Initially Circular Orbit

The equations simplify if the initial conditions prescribe an orbit
that would be circular without drag. For an initially circular orbit,
€ =0, and Eq. (39) becomes

R = Rye™? (40)
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where
Ry = h2(1 +4a%) /1 (41)

In this case, Egs. (34-36) take the more manageable form,
X =2y 4+ (B —a)(y — x' + 2ax + hIRZe ") (42)
y' = —=2x"+3(1 +4a)y

— (B —a)(x + ¥ — 2ay — 2ah" T R2e7) (43)
2 =—z— (B — )z —2az) (44)
These linear nonhomogeneous differential equations with constant
coefficients can be solved in closed form for specific values of « and
B.Because the third equationdecouples, we need only the character-

istic equation for the planar motion. The characteristic polynomial
p(A) of the resulting coefficient matrix is

P =2+ 2y2% + (1 4y = 2ay — 122722

+y(1 —4ay — 12a)1 + y[y (1 + 4a?) + 6a(1 + 4a?)]

(45)

where
y=p-«a (46)

The roots of this characteristicequation are

Ma=—1(y £Vc+2b) (47)
Aa=—1(y £c—2b) (48)

where
b= (—4y? — 32ay + 144a* — 24> + 1)? (49)
c=7y?+8ay +24a> -2 (50)

For given drag constants @ and 8, the roots (47) and (48) are easily
calculated. The solution of the differential equations (42) and (43)
is then straightforward.

Simplification for Identical Drag Constants

In many applications, it is desirable for the spacecraft and the
satellite to remain in close proximity for long time intervals without
thrust or with very limited thrust. For this reason it may be advan-
tageous for the two objects to have identical geometry or at least
identical drag constants. Setting 8 =« and using Eq. (39) for R,
Eqgs. (34-36) simplify:

x" =2y (51)

3(1 +4a?)y
"= -2x"+ 52
Y 14 ee~22% cos(0 — 6y) (52)

7' =—z (53)

It is observed again that these equations reduce to the Tschauner—
Hempel® equations (also see Refs. 6 and 7) if @ = 0. The Tschauner—
Hempel® equations apply even to highly eccentric orbits. We can
integrateEq. (51)onceand substitutein Eq. (52). The systemreduces
to one essential equation:

. [ 3(1 + 4or2)e”

—4ly+c 54
e + ¢ cos(8 — 6y) :|y ’ (54)

where c; is a constant.

Modification of Clohessy-Wiltshire? Equations to Accommodate Drag
If the orbitis initially circular, then € = 0 in Eq. (39) and R decays
exponentially as a result of drag:

R = (n*/w)(1 + 4a?)e> (55)

Again, assuming identical drag constants, the relative-motion
equations (51-53) become

x" =2y (56)
y' = —=2x"+3(1 +4a?)y (57)
7' =—z (58)

Even if the orbit is not initially circular, we observe that e~2%¢
approaches zero in the limit, so that Eqs. (51-53) approach
Egs. (56-58) as a limiting case. After sufficient time has elapsed,
the motion could be studied through Egs. (56-58).

These new equations are remarkably similar to the Clohessy—
Wiltshire® equations (also see Ref. 4). The only difference is the
addition of the term 12a2y in Eq. (57) to accommodate the effect
of quadratic drag. This demonstrates that the Clohessy-Wiltshire?
equations can be modified to include the effect of drag.

The complete solution of these new equationsis obtained in the
same manner as for the Clohessy-Wiltshire® equations. Setting e = 0
in Eq. (54) yields

"

y' = —k*y +c; (59)

where
k=+v1—12a2 (60)

We consider only the case of periodic motion where o < 4/3/6,
consequently x% > 0. Solutions for a = +/3/6 and o > +/3/6 are
straightforward but may not produce a very accurate model. (See
the preceding comments on the model.) The out-of-plane motion
satisfying Eq. (58) is sinusoidal. Integrating Eq. (59), one can find
the complete solution of Egs. (56) and (57) in terms of the arbitrary
constants ¢y, ¢,, ¢3, and ¢;:

x = (2¢1/k) sink@ — (2¢, /k) coskb + (2//(2 - %)639 + ¢y

(61)

x' = 2¢, coskb + 2¢; sinkf + (2/k? — L) e (62)
y = ¢, coskf + ¢, sinkd + C3/K2 (63)

y' = —kc;sinkd + k¢, cos kO (64)

We observe that, when o =0, then ¥ = 1, and Eqgs. (61-64) reduce
to the solution of the Clohessy-Wiltshire® equations.

Recall that the new variables given by Eqgs. (61) and (63) are
transformed. The actual relative position is determined from mul-
tiplying by E(6) according to Egs. (22) and (23). It follows from
Egs. (33) and (55) that E(0) = u/h*/?(1 + 4a?), which is a con-
stant. Equations (61-64) should be multiplied by this constant to
have their correct scale. This is unnecessary, however, because the
arbitrary constants ¢, ¢;, ¢3, and ¢4 can absorb this scale factor.
Similarly arbitrary constants cs and ¢ that arise from the sinusoidal
solution of Eq. (58) can absorb it. For this reason, Eqs. (61-64) and
all of the subsequent equations that follow from them refer to the
actual untransformed relative positions and velocities as functions
of 6.

The constants can be evaluated in terms of the initial conditions
x(0) =xg, x'(0) = vy, and y(0) = y,, y'(0) = vy as follows:

¢ =Y — 2(2yo — UIO)/K2 (65)
= vy /K (66)
¢z =2(2y0 — vi0) (67)

cy =X +2v20//c2 (63)
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As is the planar solution of the Clohessy-Wiltshire® equations
(see Ref. 16) the solution of the new equations is cycloidal.
Equations (61) and (63) can be put in the form

x=Q2p/i)sind +9) + (2/k> = )0+ (69)
y = peoskd + ) + c; /i (70)

where ¢; = p cos ¢ and ¢, = p sinyr. This curve is prolate, that is,
it has a loop, only if p > (1/k — k/4)|c3| > 0. It can be seen from
Egs. (65-68)thataloopisnotpossibleif the initial velocities v,q and
v, are zero. We observe that Eqs. (69) and (70) define an ellipse if
V19 = 2. This is well known for the Clohessy—Wiltshire® solutions,
but these new solutions differ in that the drag increases the major
axis of this elliptic relative motion. With the inclusion of drag, the
major axis is 2o/« and the minor axis is p.

To illustrate the effect of drag on the relative positionof the space-
craft, we consider the case where the initial relative velocity is zero,
that is, v;g = vo9 = 0. In this case, Eqgs. (69) and (70) become

x =2y0(1 —4/k*)(sinkB/x — 0) + xg (71)
y = yo(l — 4/k?) cos kb + 4y, [ i® (72)

Increasing« decreases « through Eq. (60), increasing the amplitude
and the peak value of y. If yo > 0, the maximum value of y is given
by

Ym = (8/K> = Dyo (73)
Equations (71) and (72) are graphed in Figs. 1-3 for xo =0, yo =1,

and —4m <0 < 4. Figure 1 shows the Clohessy-Wiltshire® solu-
tion, where o« = 0, resultingink = 1. InFig. 2, = 4/3/10~0.1732,

8 T T
6L |
>4 .
L ‘ _
L : i 1
Q L . L . 1 . . . . 1 . . . s | L . . .
-100 -50 0 50 100
X
Fig. 1 Relative position of spacecraft for ~x =1 (no drag).
12 L T T 7 T T L T
10 =
sl .
- Bl ‘ ]
4 _
2 — —
0 L L - I ST BRI P I | . 1
~150 -100 -50 0 50 100 150

X

Fig.2 Relative position of spacecraft for < =0.8.

o T T T T T

20

—300 —200 -100 0 100 200 300

Fig.3 Relative position of spacecraft for « =0.6.

resulting in ¥ = 0.8, and the effect of drag is seen in increasing the
amplitude, raising the peaks, and increasing the period. In Fig. 3,
a =24/3/15~0.2309, resultingin x = 0.6, and the effects are more
pronounced.

Flying Together

There are applicationsin which it is desirable for a spacecraftto
remain in the vicinity of a satellite without thrusting or with a min-
imum of thrusting. Equations (61-64) show that the spacecraftand
satellite will drift apart as a resultof the secularterm unless c; = 0. If
one sets the initial conditions so that v,y = 2y,, then Eq. (67) shows
that the secular term is removed, and the spacecraft rotates in an
elliptical orbit about the satellite. Equations (61) and (63) become

x = (2yy/K) sink6 — (2v20//<2) cos k6 + (xo + 2v20//<2) (74)
Y = Yo coskt + (vyg/k) sink 6 (75)

The minor axis of the ellipse is p = /(¥Z + v3,/x>). The major
axis is 2p/k, more than twice the minor axis. Increasing the drag
causes an increase in the size and eccentricity of this ellipse.

The only way that the spacecraftcan remain stationary relative to
the satellite is for the additional initial conditions y, and vy, to be
zero. This gives the stationary solution

x(0) = xo, y@©) =0 (76)

Thisresultis the same as for the Clohessy—Wiltshire® solution. There
may be applications where this solution is desirable.

State-Transition Matrix

As a final result, we construct a state-transition matrix based on
the solution of the new modification of the Clohessy-Wiltshire®
equations.

We shall denote the state vector associated with Egs. (56-58) by
x(O)=[x(6),x'(0), y(©), Y (), z(0), Z(0)]" and the related con-
stant vector by ¢ = (¢, ¢, ¢3, ¢4, 5, ¢6)T . The state vector can be
expressed as

x(0) = d(0)c (77)

where ®(0) is a fundamental matrix solution associated with
Egs. (56-58). In view of Egs. (61-64), we see that

o) =

[2sinkd/k  —2coskb/c  (2/k> —1)o 1 0 0 ‘|
2cosk®  2sinkg (2P =1) 0 0 0
cos k6 sin k6 1/k? 0 0 0
—kK sink6 K cosk0 0 0 0 0
0 0 0 0 cosf sinf
L 0 0 0 0 —sin6 cos6

(78)
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A fundamental matrix solution is invertible, and so, evaluating
Eq. (77) at a different point 8, and solving for ¢, one obtains

x(0) = @) (H)'%(6) (79)

The matrix M (0, 6,) = ®(©0)P (0,) " is the state-transition matrix.
Multiplication of a state vector X(6,) by this matrix determines the
state x(0). Whenever the coefficients are constantin the state equa-
tions, as is the case in Eqs. (56-58), it is known that M (6, 6y) =
M6 — 6y, 0) = DO — 0,)P(0)~!. It follows from Egs. (65-68) that

[0 2/k> 1-4/> 0 0 0_|

0 0 0 1k 0 0
oo = |0 2 4 0 00

1 0 0 2/k* 0 0

0 o 0 0 10

Lo 0 0 0 0 1J

For brevity, we set 7 =6 —6,. Performing the multiplication
® ()P (0)~!, we obtain the state-transition matrix

dezvous, station keeping, formation flying, and constellations of
satellites.
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