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The relative-motion equations of a spacecraft in the vicinity of a satellite in an orbit that is not highly eccentric
but decays as a result of drag are investigated. Because the initial orbit is not highly eccentric, the equations of
motion of both the satellite and the spacecraft can be approximated by simpler equations. Some transformations
are then applied to the equations of relative motion. If the drag is quadratic in the magnitude of the velocity and
varies inversely with the distance from the center of attraction, the equations simplify further. There are some
interesting consequences if the two objects in orbit have the same drag constant. In these cases, the transformed
equationsof relativemotiongeneralize the Tschauner–Hempel equationsand asymptoticallyapproachan extension
of the Clohessy–Wiltshire equations, modi� ed to include the quadratic drag model. If the initial orbit is circular,
the relative-motion equationsbecome the new modi� ed Clohessy–Wiltshire equations. The closed-form solution of
these equationshas similar structure to that of the Clohessy–Wiltshire equations. Among the potential applications
of these new equations are fast preliminary studies for terminal rendezvous, station keeping, formation � ying, and
constellations of satellites.

Introduction

I N a previous work,1 we presented equations and solutions rep-
resenting the terminal phase of a rendezvous of a satellite and

spacecraft in the presence of atmospheric drag that is assumed to
be linear in the orbital velocity. Although the assumption of drag
that is linear in the velocity is not realistic, the transformationsde-
scribed in that paper simpli� ed the equations of relative motion to
the extent that closed-formsolutions were attainable in some cases.
The present paper extends that approach to a class of problems in
which the drag is quadratic in the magnitude of the orbital velocity.
We shall show that, in spite of the added dif� culty, similar trans-
formations also simplify this problem, and in some cases, we again
� nd closed-form solutions.

There is an extensivebodyof literatureon the search for represen-
tative equationsand solutions in the terminal rendezvousproblem.2

For circularorbits, thereare theClohessy–Wiltshire3 equations(also
see Ref. 4). For elliptical orbits, there are the Tschauner–Hempel
equations5 (also see Ref. 6). Similar equations apply to general
Keplerian orbits (see Ref. 7). All of these equations are based on
a Newtonian gravitational force � eld, but the equations of relative
motion can be approximated by linearized equations because their
separation is very small when compared with their distance from
the center of attraction. These equations have been generalized to
describe rendezvous in a general central force � eld,8 then adjusted
to include drag that is linear in the velocity.1

Models of drag that is linear in the orbital velocityhave been inte-
grated into studies of the two-body problem by several authors.9¡13

Except for very special cases, the literature does not contain ana-
lytical solutions for drag that is quadratic in the magnitude of the
velocity. Recently, the authors have found some success with this
problem, and this present paper is a consequenceof that work.14
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As in Ref. 14, we consider satellite orbits in which the magnitude
of the radial velocity is much smaller than the magnitude of the
tangentialvelocity, that is, the orbitswould be ellipticalof moderate
or low eccentricitywithout the degradationof drag.For orbitsof this
type in which the spacecraft is near the satellite, the equations of
motion can be approximated by simpler equations resulting in a
problem that is amenable to analysis.

In the important special case in which the satellite and spacecraft
have identical drag constants, the resulting transformed equations
reduce to a minor generalization of the Tschauner–Hempel5 equa-
tions. If the initial orbit is nearly circular, they reduce to a minor
modi� cation of the Clohessy–Wiltshire3 equations. In this case, the
closed-form solution of these new equations has the same struc-
ture as that of the Clohessy–Wiltshire solutions. A comparison of
this solution with the solution of the Clohessy–Wiltshire equations
provides an indication of the effect of drag on the relative motion.
These equations may be useful in preliminary studies of missions
involving terminal rendezvous,station keeping,formation � ying, or
constellationsof satellites.

Derivation of the Equations
We consider the rendezvous problem between a spacecraft and

a satellite in orbit in a central force � eld with a quadratic drag
model. Our objective is to derive reduced differential equations for
the motion of the spacecraft in the � nal stages of this maneuver
similar to those that were derivedearlier for the rendezvousproblem
with a linear drag model1 or without drag.7

Restriction to Orbits That Initially Are Not Highly Eccentric
but Decay Under Drag

First we consider an inertial frame. The equationof motion of the
satellite in orbit is

RR D ¡ f .R/R ¡ ®g.R/j PRj PR (1)

In this equation, the � rst term on the right is gravitational acceler-
ation resulting from a central force � eld; the second is drag accel-
eration. The position of the satellite from the center of attraction is
denoted by the vector R, its magnitude by R D jRj D .R ¢ R/1=2, its
velocityby PR, where the dot indicatesdifferentiationwith respect to
time and j PRj D . PR ¢ PR/1=2. The functions f and g are continuously
differentiablewith nonzero derivatives in the domain under consid-
eration. The scalar ® is a physical constant associatedwith the drag
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coef� cient and the geometry of the satellite. We shall refer to this
number as the drag constant.The function g representsatmospheric
density and is assumed to depend only on altitude. Dependence on
other variables such as time, latitude, and longitude are not being
considered.

It is known14 that the satellite moves in a plane containing the
center of attraction. The preceding equations of motion, therefore,
can be represented in polar coordinates.The radial component is R
and the polar angle will be called µ . Let eR and eµ be unit vectors in
the radial and transverse directions, respectively. As a result of the
angularmomentum equation,14 we must have Pµ ¸ 0. We observethat

j PRj D . PR2 C R2 Pµ 2/
1
2 D R Pµ [1 C . PR=R Pµ/2]

1
2 (2)

The study is restricted to orbits that initiallyare not of high eccen-
tricitybut decayunderdrag.These are orbits in which the magnitude
of the radial velocity is very small compared with the magnitude of
the transverse velocity, that is, j PRj ¿ R Pµ . For this reason Pµ is not
zero, and we can linearize the binomial expression in the right side
of Eq. (2) so that Eq. (1) becomes

RR D ¡ f .R/R ¡ ®g.R/R Pµ PR (3)

This equation of motion of the satellite can be written in terms of
the transverse and radial components, respectively, as

R Rµ C 2 PR Pµ D ¡®g.R/R2 Pµ 2 (4)

RR ¡ R Pµ 2 D ¡ f .R/R ¡ ®g.R/ PR R Pµ (5)

For completeness,we brie� y repeat some recent work14 to obtain
the orbit equation of the satellite.

Multiplying Eq. (4) by R, we recognize the product rule on the
left side, then dividing by R2 Pµ , we obtain

d.R2 Pµ/

R2 Pµ
D ¡®g.R/R dµ (6)

Integrating this expression reveals

R2 Pµ D h J .µ/ (7)

where h is a constant of integration and

J .µ/ D exp

»
¡

Z
®g[R.µ/]R.µ / dµ

¼
(8)

A well-knownchangeof variable15 from t to µ canbe incorporated
through Eq. (7). With this substitution,Eq. (5) can be expressed in
terms of µ . Using a prime to denote differentiation with respect to
µ , after some algebra we obtain the orbit equation,

R00=R ¡ 2.R 0=R/2 C f .R/R4=h2 J .µ/2 D 1 (9)

Similarly the motion of a spacecraftnear the satellite is governed
by

RR C Rr D ¡ f .jR C rj/.R C r/ ¡ ¯g.jR C rj/j PR C Prj. PR C Pr/ (10)

where r is the vector representing the position of the spacecraft
relative to the satellite and ¯ is the drag constant associatedwith the
spacecraft.

The spacecraft also moves in a plane containing the center
of attraction. In this plane, we can also introduce polar coor-
dinates for the vector R C r. The radial component is jR C rj D
[.R C r/ ¢ .R C r/]1=2 , and the polar angle we call Á. The equationof
the spacecraft that is analogous to Eq. (3) is

RR C Rr D ¡ f .jR C rj/.R C r/ ¡ ¯g.jR C rj/jR C rj PÁ. PR C Pr/ (11)

Simplifying Assumptions and Transformation to a Rotating Frame
The results that we shall obtain are based on the following sim-

plifying assumptions:

1) The functions f and g are continuously differentiable with
d f =dR 6D 0 and dg=dR 6D 0 on a closed domain of R that does not
contain zero.

2) The spacecraft is in the vicinity of the satellite, that is, r ¿ R.
This means that higher than � rst-order terms in r=R are negligible.

3) During the terminal phase of a rendezvous, jPrj ¿ j PRj. A result
of this and the preceding assumption is that PÁ approaches Pµ so that
their difference can be neglected.

4) As already indicated, j PRj ¿ R Pµ . This signi� es that higher than
� rst-order terms in j PR=R Pµ j are negligible.

From the � rst assumption we can write

f .jR C rj/ D f
©
[.R C r/ ¢ .R C r/]

1
2
ª

D f .R/

C d f

dR
.R/

µ
R ¢ r

R
C

r 2

2R

¶
C O

³
R ¢ r

R
C

r 2

2R

´
(12)

g.jR C rj/ D g.R/ C dg

dR
.R/

µ
R ¢ r

R
C

r 2

2R

¶
C O

³
R ¢ r

R
C

r 2

2R

´

(13)

where limx ! 0 O.x/=x D 0.
Substituting these expressionsand Eq. (3) in Eq. (11), neglecting

higher than � rst-orderterms in r=R in view of assumption2, and ne-
glecting the differencebetween PÁ and Pµ according to assumption 3,
we obtain

Rr D ¡ f .R/r ¡ f 0.R/[.R ¢ r/=R]R ¡ .¯ ¡ ®/g.R/R Pµ PR

¡ ¯g.R/R Pµ Pr ¡ ¯g.R/[.R ¢ r/=R] PR Pµ ¡ ¯g0.R/.R ¢ r/ PR Pµ (14)

Here and in the following,primesover f and g denotedifferentiation
with respect to R. In a coordinate system rotating with the radius
vector of the satellite, Eq. (14) becomes

Rr C 2 X £ Pr C X £ . X £ r/ C . PX £ r/ D ¡ f .R/r

¡ f 0.R/[.R ¢ r/=R]R ¡ .¯ ¡ ®/g.R/R Pµ . PR C X £ R/

¡ ¯g.R/R Pµ [Pr C X £ r] ¡ [¯g.R/=R C ¯g0.R/]

£ .R ¢ r/[ PR C X £ R] Pµ (15)

where X refers to the angularvelocityof the rotatingcoordinatesys-
tem and the dots over vectors indicate time derivativeswith respect
to this rotating coordinate system.

We now choose an orthonormal coordinate system attached to
the satellite so that the x axis is transverse and opposed to the mo-
tion of the satellite, the y axis is in the direction of R, and the z
axis completes a right-handed system. In this frame, r D .x; y; z/,
R D R.0; 1; 0/, and X D .0; 0; !/, where ! D Pµ . In this setting,
Eq. (15) becomes

Rx C ¯g.R/R! Px D .!2 ¡ f .R//x C 2! Py C . P! C 2¯g.R/R!2

C ¯g0.R/R2!2/y C .¯ ¡ ®/g.R/R2!2 (16)

Ry C ¯g.R/R! Py D .!2 ¡ f .R/ ¡ f 0.R/R ¡ ¯g.R/ PR!

¡ ¯g0.R/R PR!/y ¡ .¯g.R//R!2 C P!/x ¡ 2! Px

¡ .¯ ¡ ®/g.R/R PR! (17)

Rz C ¯g.R/R! Pz D ¡ f .R/z (18)

Changing variables from t to µ in these equations,we obtain

!2x 00 C !!0x 0 C ¯g.R/R!2x 0 D [!2 ¡ f .R/]x C 2!2 y0

C [!!0 C 2¯g.R/R!2 C ¯g0.R/R2!2]y C .¯ ¡ ®/g.R/R2!2

(19)

!2 y 00 C !!0 y0 C ¯g.R/R!2 y0

D [!2 ¡ f .R/ ¡ f 0.R/R ¡ ¯g.R/!2 R 0 ¡ ¯g0.R/R 0 R!2]y

¡ [¯g.R/R!2 C !!0]x ¡ 2!2x 0 ¡ .¯ ¡ ®/g.R/R R 0!2 (20)

!2z00 C !!0z0 C ¯g.R/R!2z0 D ¡ f .R/z (21)
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where primes on f and g denote differentiationwith respect to the
argument R; elsewhere there is no argumentspeci� ed explicitly,and
the primes represent differentiationwith respect to µ .

Transformations That Simplify the Equations
We seek a transformation that will simplify Eqs. (19–21). The

form of these equations suggests that it may be advantageous to
multiply by an exponential.We change to new variables Nx , Ny, and Nz
by the transformation

.x; y; z/ D E.µ/. Nx; Ny; Nz/ (22)

where

E .µ/ D !
1
2 exp

µ
¡1

2

Z
®g.R/R dµ

¶
(23)

We then divide by !2 E .µ/. After dropping the bars for brevity of
notation, we obtain

x 00 D [A.µ; !; !0; !00/ ¡ 1]x C 2y 0 C R[®g.R/ C ¯g0.R/R]y

C .¯ ¡ ®/g.R/[2Ry ¡ .Rx/0 C R2=E.µ/] (24)

y00 D [A.µ; !; !0; !00/ ¡ 1]y ¡ 2x 0

¡ [ f 0.R/R=!2 C ®g.R/R 0 C ¯g0.R/RR 0]y

¡ .¯ ¡ ®/g.R/[.Ry/0 C R0 y C Rx C R R 0=E .µ/] (25)

z00 D ¡A.µ; !; !0; !00/z ¡ .Rz/0.¯ ¡ ®/g.R/ (26)

where

A.µ; !; !0; !00/ D ¡ 1
2 .! 00=!/ C 1

4 .!0=!/2 C f .R/=!2

¡ ®g.R/R!0=! ¡ 1
4
®2g.R/2 R2 ¡ 1

2
®g.R/R 0 ¡ 1

2
®g0.R/RR 0

(27)

These equations are still cumbersome, but we can substitute
! D h J .µ /=R2 from Eq. (7) into the right-hand side of Eq. (27),
so that A.µ; !; !0; !00/ becomes the left-hand side of Eq. (9). It
follows then that A.µ; !; !0; !00/ D 1. Equations (24–26) reduce,
therefore, to the simpler form

x 00 D 2y0 C R[®g.R/ C ¯g0.R/R]y

C .¯ ¡ ®/g.R/[2Ry ¡ .Rx/0 C R2=E.µ/] (28)

y00 D ¡2x 0 ¡ [ f 0.R/R=!2 C ®g.R/R 0 C ¯g0.R/R R0]y

¡ .¯ ¡ ®/g.R/[.Ry/0 C R0 y C Rx C R R 0=E .µ/] (29)

z00 D ¡z ¡ .Rz/0.¯ ¡ ®/g.R/ (30)

Simpli� cations and Solutions for Certain Cases
We now consider the case of a Newtonian gravitational � eld,

f .R/ D ¹=R3, and an inverse law, g.R/ D 1=R, to model the vari-
ation in atmospheric density. The acceleration that results from
drag is, therefore, ¡.®=R/j PRj PR. We shall provide some comments
on this model after presenting the equations of relative motion and
the orbit equation that result from it.

Equations of Relative Motion and Solution of the Orbit Equation
When this drag law is applied, Eq. (8) simpli� es to

J .µ/ D e¡®µ (31)

and the angular momentum Eq. (7) yields

! D h R¡2e¡®µ (32)

These expressions can be substituted into Eq. (23) to obtain

E .µ/ D h
1
2 R¡1e¡®µ (33)

Using the Newtonian gravitational � eld and the preceding expres-
sions, Eqs. (28–30) take the form

x 00 D 2y0 C .¯ ¡ ®/
£
y ¡ x 0 ¡ .R 0=R/x C h¡ 1

2 R2e®µ
¤

(34)

y00 D ¡2x 0 C 3¹h¡2 Re2®µ y

¡ .¯ ¡ ®/
£
x C y0 C .R0=R/y C h¡ 1

2 R R0e®µ
¤

(35)

z00 D ¡z ¡ .¯ ¡ ®/[z0 C .R0=R/z] (36)

For this case, a closed-form solution has recently been found for
the orbit equation (9). We brie� y outline this solution from Ref. 14.
Observe that, if ® D ¯ D 0, Eqs. (34–36) reduce to the Tschauner–
Hempel5 equations (see also Refs. 6 and 7).

When Eq. (31) is substituted into Eq. (9), the orbit equation
becomes

R 00=R ¡ 2.R 0=R/2 C .¹=h2/Re2®µ D 1 (37)

Performing the change of variable R D 1=u, this equation simpli-
� es to

u00 C u D .¹=h2/e2®µ (38)

The general solution of this simple differential equation is easily
obtained in terms of two arbitrary constants ² and µ0 . Expressing
this solution in terms of the variable R, we obtain the following
expressionfor the degradationof an orbit that was initially elliptical
and not highly eccentric:

R D
h2.1 C 4®2/=¹

e2®µ C ² cos.µ ¡ µ0/
(39)

The expression ²e¡2®µ may be visualized as an instantaneous ec-
centricity,that is, the eccentricityof the � ctitiousellipticalorbit that
would result if the drag could be instantly removed. The function
R and its derivative can be substituted into Eqs. (34–36) yielding a
set of differential equations that describe the motion of the termi-
nal phase of the rendezvous in the presence of drag. Although the
coef� cients are elaborate, this set of differential equations is linear
because R and R 0 are functions of µ .

Comments on the Model
The reason for the drag model presented is the relatively simple

closed-formsolutionsthat can be obtainedfrom it as presentedhere.
These are especially interesting in view of the void in the literature
of closed-form solutions for drag models that vary with the square
of the magnitude of the velocity.

A better approximation would have the atmospheric density de-
creaseexponentiallywith R. Better yet would be a curve � t basedon
standardatmosphericdata. Unfortunately,the more realisticmodels
have not yet resulted in closed-form solutions.

The dif� culties in the model presentedherein are not as restrictive
as might appear at the onset. Inaccuracies caused by a poor repre-
sentation of the atmospheric density increase with the range of R.
One can compensate for this error by dividing this range into sev-
eral smaller subintervalsand reinitializingthe drag constant ® with
each subinterval. In fact, the drag coef� cient should not be consid-
ered constantover a wide range anyway, and so the partitioninginto
subintervals is needed also for the assumption that ® is constant.

The model shouldbe highlyaccuratefor circularandnear-circular
orbits that are very high, so that the number ® is nearly zero. The
deterioration in altitude will be correspondinglysmall, as observed
from Eq. (39) when ® is near zero and ² is not large. Large values
of ® or ² are not compatible with assumption 4 of the preceding
section. Future numerical studies to determine the range of initial
altitudes, the values of ² , and the optimum size of the subintervals
for the level of accuracy needed would be highly bene� cial and are
recommended.

Simpli� cation for an Initially Circular Orbit
The equations simplify if the initial conditionsprescribe an orbit

that would be circular without drag. For an initially circular orbit,
² D 0, and Eq. (39) becomes

R D R0e
¡2®µ (40)
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where

R0 D h2.1 C 4®2/=¹ (41)

In this case, Eqs. (34–36) take the more manageable form,

x 00 D 2y0 C .¯ ¡ ®/
¡
y ¡ x 0 C 2®x C h

1
2 R2

0e¡3®µ
¢

(42)

y00 D ¡2x 0 C 3.1 C 4®2/y

¡ .¯ ¡ ®/
¡
x C y 0 ¡ 2®y ¡ 2®h¡ 1

2 R2
0e¡3®µ

¢
(43)

z00 D ¡z ¡ .¯ ¡ ®/.z0 ¡ 2®z/ (44)

These linear nonhomogeneousdifferential equations with constant
coef� cients can be solved in closed form for speci� c values of ® and
¯ . Because the third equationdecouples,we needonly the character-
istic equation for the planar motion. The characteristicpolynomial
p.¸/ of the resulting coef� cient matrix is

p.¸/ D ¸4 C 2° ¸3 C .1 C ° 2 ¡ 2®° ¡ 12®2/¸2

C ° .1 ¡ 4®° ¡ 12®2/¸ C ° [° .1 C 4®2/ C 6®.1 C 4®2/]

(45)

where

° D ¯ ¡ ® (46)

The roots of this characteristic equation are

¸1;2 D ¡ 1
2

¡
° §

p
c C 2b

¢
(47)

¸3;4 D ¡ 1
2

¡
° §

p
c ¡ 2b

¢
(48)

where

b D .¡4° 2 ¡ 32®° C 144®4 ¡ 24®2 C 1/
1
2 (49)

c D ° 2 C 8®° C 24®2 ¡ 2 (50)

For given drag constants ® and ¯ , the roots (47) and (48) are easily
calculated. The solution of the differential equations (42) and (43)
is then straightforward.

Simpli� cation for Identical Drag Constants
In many applications, it is desirable for the spacecraft and the

satellite to remain in close proximity for long time intervalswithout
thrust or with very limited thrust. For this reason it may be advan-
tageous for the two objects to have identical geometry or at least
identical drag constants. Setting ¯ D ® and using Eq. (39) for R,
Eqs. (34–36) simplify:

x 00 D 2y 0 (51)

y 00 D ¡2x 0 C 3.1 C 4®2/y

1 C ²e¡2®µ cos.µ ¡ µ0/
(52)

z00 D ¡z (53)

It is observed again that these equations reduce to the Tschauner–
Hempel5 equations(also see Refs. 6 and 7) if ® D 0. The Tschauner–
Hempel5 equations apply even to highly eccentric orbits. We can
integrateEq. (51)onceandsubstitutein Eq. (52).Thesystemreduces
to one essential equation:

y 00 D
µ

3.1 C 4®2/e2®µ

e2®µ C ² cos.µ ¡ µ0/
¡ 4

¶
y C c3 (54)

where c3 is a constant.

Modi� cation of Clohessy–Wiltshire3 Equations to Accommodate Drag
If the orbit is initiallycircular, then ² D 0 in Eq. (39) and R decays

exponentiallyas a result of drag:

R D .h2=¹/.1 C 4®2/e¡2®µ (55)

Again, assuming identical drag constants, the relative-motion
equations (51–53) become

x 00 D 2y 0 (56)

y00 D ¡2x 0 C 3.1 C 4®2/y (57)

z00 D ¡z (58)

Even if the orbit is not initially circular, we observe that e¡2®µ

approaches zero in the limit, so that Eqs. (51–53) approach
Eqs. (56–58) as a limiting case. After suf� cient time has elapsed,
the motion could be studied through Eqs. (56–58).

These new equations are remarkably similar to the Clohessy–
Wiltshire3 equations (also see Ref. 4). The only difference is the
addition of the term 12®2 y in Eq. (57) to accommodate the effect
of quadratic drag. This demonstrates that the Clohessy–Wiltshire3

equations can be modi� ed to include the effect of drag.
The complete solution of these new equations is obtained in the

samemanneras for theClohessy–Wiltshire3 equations.Setting² D 0
in Eq. (54) yields

y 00 D ¡· 2y C c3 (59)

where

· D
p

1 ¡ 12®2 (60)

We consider only the case of periodic motion where ® <
p

3=6,
consequently ·2 > 0. Solutions for ® D

p
3=6 and ® >

p
3=6 are

straightforward but may not produce a very accurate model. (See
the preceding comments on the model.) The out-of-plane motion
satisfying Eq. (58) is sinusoidal. Integrating Eq. (59), one can � nd
the complete solution of Eqs. (56) and (57) in terms of the arbitrary
constants c1 , c2, c3, and c4:

x D .2c1=·/ sin ·µ ¡ .2c2=·/ cos ·µ C
¡
2=·2 ¡ 1

2

¢
c3µ C c4

(61)

x 0 D 2c1 cos·µ C 2c2 sin ·µ C
¡
2=·2 ¡ 1

2

¢
c3 (62)

y D c1 cos ·µ C c2 sin·µ C c3

¯
·2 (63)

y 0 D ¡·c1 sin ·µ C ·c2 cos ·µ (64)

We observe that, when ® D 0, then · D 1, and Eqs. (61–64) reduce
to the solution of the Clohessy–Wiltshire3 equations.

Recall that the new variables given by Eqs. (61) and (63) are
transformed. The actual relative position is determined from mul-
tiplying by E.µ/ according to Eqs. (22) and (23). It follows from
Eqs. (33) and (55) that E .µ/ D ¹=h3=2.1 C 4®2/, which is a con-
stant. Equations (61–64) should be multiplied by this constant to
have their correct scale. This is unnecessary, however, because the
arbitrary constants c1 , c2 , c3 , and c4 can absorb this scale factor.
Similarly arbitraryconstantsc5 and c6 that arise from the sinusoidal
solution of Eq. (58) can absorb it. For this reason, Eqs. (61–64) and
all of the subsequent equations that follow from them refer to the
actual untransformed relative positions and velocities as functions
of µ .

The constants can be evaluated in terms of the initial conditions
x.0/ D x0, x 0.0/ D v10, and y.0/ D y0, y 0.0/ D v20 as follows:

c1 D y0 ¡ 2.2y0 ¡ v10/
¯

·2 (65)

c2 D v20=· (66)

c3 D 2.2y0 ¡ v10/ (67)

c4 D x0 C 2v20

¯
· 2 (68)
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As is the planar solution of the Clohessy–Wiltshire3 equations
(see Ref. 16) the solution of the new equations is cycloidal.
Equations (61) and (63) can be put in the form

x D .2½=·/ sin.·µ C Ã/ C
¡
2=·2 ¡ 1

2

¢
c3µ C c4 (69)

y D ½ cos.·µ C Ã/ C c3

¯
·2 (70)

where c1 D ½ cos Ã and c2 D ½ sin Ã . This curve is prolate, that is,
it has a loop, only if ½ > .1=· ¡ ·=4/jc3j > 0. It can be seen from
Eqs. (65–68) that a loop is notpossibleif the initialvelocitiesv10 and
v20 are zero. We observe that Eqs. (69) and (70) de� ne an ellipse if
v10 D 2y0 . This is well known for the Clohessy–Wiltshire3 solutions,
but these new solutions differ in that the drag increases the major
axis of this elliptic relative motion. With the inclusion of drag, the
major axis is 2½=· and the minor axis is ½.

To illustratethe effect of drag on the relativepositionof the space-
craft, we consider the case where the initial relative velocity is zero,
that is, v10 D v20 D 0. In this case, Eqs. (69) and (70) become

x D 2y0.1 ¡ 4=·2/.sin ·µ=· ¡ µ / C x0 (71)

y D y0.1 ¡ 4=· 2/ cos ·µ C 4y0

¯
· 2 (72)

Increasing® decreases· throughEq. (60), increasingthe amplitude
and the peak value of y. If y0 > 0, the maximum value of y is given
by

ym D .8=·2 ¡ 1/y0 (73)

Equations (71) and (72) are graphed in Figs. 1–3 for x0 D 0, y0 D 1,
and ¡4¼ · µ · 4¼ . Figure 1 shows the Clohessy–Wiltshire3 solu-
tion,where ® D 0, resultingin · D 1. In Fig. 2, ® D

p
3=10 ¼ 0:1732,

Fig. 1 Relative position of spacecraft for · = 1 (no drag).

Fig. 2 Relative position of spacecraft for · = 0.8.

Fig. 3 Relative position of spacecraft for · = 0.6.

resulting in · D 0:8, and the effect of drag is seen in increasing the
amplitude, raising the peaks, and increasing the period. In Fig. 3,
® D 2

p
3=15 ¼ 0:2309, resultingin · D 0:6, and the effectsare more

pronounced.

Flying Together
There are applications in which it is desirable for a spacecraft to

remain in the vicinity of a satellite without thrusting or with a min-
imum of thrusting. Equations (61–64) show that the spacecraft and
satellitewill drift apart as a resultof the secular term unlessc3 D 0. If
one sets the initial conditions so that v10 D 2y0, then Eq. (67) shows
that the secular term is removed, and the spacecraft rotates in an
elliptical orbit about the satellite. Equations (61) and (63) become

x D .2y0=·/ sin ·µ ¡
¡
2v20

¯
·2

¢
cos ·µ C

¡
x0 C 2v20

¯
· 2

¢
(74)

y D y0 cos ·µ C .v20=·/ sin ·µ (75)

The minor axis of the ellipse is ½ D
p

.y2
0 C v2

20=· 2/. The major
axis is 2½=· , more than twice the minor axis. Increasing the drag
causes an increase in the size and eccentricity of this ellipse.

The only way that the spacecraftcan remain stationaryrelative to
the satellite is for the additional initial conditions y0 and v20 to be
zero. This gives the stationary solution

x.µ/ D x0; y.µ/ D 0 (76)

This result is the sameas for theClohessy–Wiltshire3 solution.There
may be applications where this solution is desirable.

State-Transition Matrix
As a � nal result, we construct a state-transitionmatrix based on

the solution of the new modi� cation of the Clohessy–Wiltshire3

equations.
We shall denote the state vector associatedwith Eqs. (56–58) by

Ox.µ/ D [x.µ/; x 0.µ/; y.µ/; y0.µ/; z.µ/; z0.µ/]T and the related con-
stant vector by Oc D .c1; c2; c3; c4; c5; c6/T . The state vector can be
expressed as

Ox.µ/ D 8.µ/Oc (77)

where 8.µ/ is a fundamental matrix solution associated with
Eqs. (56–58). In view of Eqs. (61–64), we see that

8.µ/ D
2

666666664

2 sin ·µ=· ¡2 cos ·µ=·
¡
2=·2 ¡ 1

2

¢
µ 1 0 0

2 cos·µ 2 sin ·µ
¡
2=·2 ¡ 1

2

¢
0 0 0

cos ·µ sin ·µ 1=·2 0 0 0

¡· sin ·µ · cos ·µ 0 0 0 0

0 0 0 0 cos µ sin µ

0 0 0 0 ¡ sinµ cos µ

3

777777775

(78)
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A fundamental matrix solution is invertible, and so, evaluating
Eq. (77) at a different point µ0 and solving for Oc, one obtains

Ox.µ/ D 8.µ/8.µ0/
¡1 Ox.µ0/ (79)

The matrix M .µ; µ0/ D 8.µ/8.µ0/¡1 is the state-transition matrix.
Multiplication of a state vector Ox.µ0/ by this matrix determines the
state Ox.µ/. Whenever the coef� cients are constant in the state equa-
tions, as is the case in Eqs. (56–58), it is known that M.µ; µ0/ D
M.µ ¡ µ0; 0/ D 8.µ ¡ µ0/8.0/¡1. It follows from Eqs. (65–68) that

8.0/¡1 D

2

66666664

0 2=· 2 1 ¡ 4=· 2 0 0 0

0 0 0 1=· 0 0

0 ¡2 4 0 0 0

1 0 0 2=·2 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3

77777775
(80)

For brevity, we set ¿ D µ ¡ µ0 . Performing the multiplication
8.¿/8.0/¡1 , we obtain the state-transitionmatrix

M .¿; 0/ D

2

666666664

1 4 sin ·¿=·2 C .1 ¡ 4=·2/¿ 2.1 ¡ 4=·2/.sin ·¿=· ¡ ¿ / 2.1 ¡ cos ·¿/=·2 0 0

0 4.cos ·¿ ¡ 1/=·2 C 1 2.1 ¡ 4=·2/.cos ·¿ ¡ 1/ 2 sin ·¿=· 0 0

0 2.cos ·¿ ¡ 1/=·2 .1 ¡ 4=·2/ cos ·¿ C 4=·2 sin ·¿=· 0 0

0 ¡2 sin ·¿=· ¡·.1 ¡ 4=·2/ sin ·¿ cos·¿ 0 0

0 0 0 0 cos¿ sin ¿

0 0 0 0 ¡sin ¿ cos ¿

3

777777775

(81)

Multiplication of the vector Ox.µ0/ by this matrix produces
the vector Ox.µ/. As a special case, one may set · D 1 and
obtain the state-transition matrix for the Clohessy–Wiltshire3

equations.

Conclusions
We have shown that under certain reasonable assumptions the

relative motion equations of a satellite and a spacecraft whose
orbits decay under a quadratic drag model can be simpli� ed if
the initial orbit of the satellite is elliptical and not highly eccen-
tric. This simpli� cation is accomplished by the application of a
successive set of transformations similar to those used in a pre-
vious work that assumed a linear drag model. If the drag con-
stants of the spacecraft and satellite are identical, as is the case
in some formation-�ying applications,some remarkable simpli� ca-
tions occur, generalizingthe Tschauner–Hempel5 equationsand the
Clohessy–Wiltshire3 equations.The generalizationof theClohessy–
Wiltshire equations is very similar in form and in structure of the
solution to the original. The simplicity of the solution of these new
equations allows one to assess quickly the effects of drag on the
relative position and velocity of a spacecraft in preliminary stud-
ies. The increase in the amplitude and period of the relative motion
is evident from this solution. Among the potential applications of
these new equations are fast preliminary studies for terminal ren-

dezvous, station keeping, formation � ying, and constellations of
satellites.
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